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ABSTRACT. A well-known theorem of Kapranov states that the Atiyah class of the tan- 
gent bundle TX of a complex manifold X makes the shifted tangent bundle TX[— 1] 
into a Lie algebra object in the derived category D(X). Moreover, he showed that 
there is an Loo-algebra structure on the shifted Dolbeault resolution (^l^ 1 (TX),3) of 
TX and wrote down the structure maps explicitly in the case when X is Kahler. The 
corresponding Chevalley-Eilenberg complex is isomorphic to the Dolbeault resolution 
{■A^x (^x°)' ^) of the jet bundle J™ via the construction of the holomorphic exponential 
map of the Kahler manifold. In this paper, we show that {A ^' {J^), 3) is naturally iso- 
morphic to the Dolbeault dga (A* (Xt^y) , 3) associated to the formal neighborhood of 
the diagonal of X x X which we introduced in IYul2l . We also give an alternative proof 
of Kapranov's theorem by obtaining an explicit formula for the pullback of functions 
via the holomorphic exponential map, which allows us to study the general case of an 
arbitrary embedding later. 
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1. Introduction 

In this paper, we continue the study of the Dolbeault differential graded algebra (dga) 
of the formal neighborhood of a closed embedding of complex manifolds introduced in 
IYul2L One of initial motivations of the overall project is to give a concrete description 
of this Dolbeault dga in terms of the differential geometry of the embedding. As a 
starting point, the current paper provides a reformulation of the work of Kapranov 
| Kap99| on diagonal embeddings. Our new perspective will allow us to deal with the 



general case later elsewhere. 

In MYul2l we defined, for the formal neighborhood Y of a closed embedding of com- 
plex manifolds i : X —¥ Y, a Dolbeault dga A = (A'(Y),d). Following the work of 
Block HBlolOL we assigned to A a dg-category Va and proved that, in the case when X 
is compact, Va serves as a dg-enhancement of the derived category V h coh (Y) of coherent 
sheaves over the formal neighborhood Y. 

In order to construct explicitly certain objects we are interested in and compute the 
horn complexes between them in the dg-category Va (see the introductory part of 
IYul2ll ), it is necessary to have a geometric description of the Dolbeault dga and, in 
particular, its differential. This is the problem that we shall study here and in subse- 
quent papers. 



In ]Kap99 [, Kapranov considered the case of a diagonal embedding A : X <—>■ X x X. 
He argued that the holomorphic structure of the formal neighborhood X^ x of the 
diagonal is encoded in the Dolbeault resolution (A 0, '(J'£ } ), d) of the jet bundle J™ '. In 
MYul2L we generalized this observation to an arbitrary closed embedding / : X <— \ Y 
and defined a general notion of the Dolbeault complex (or dga) (A*(Y), d) of the formal 
neighborhood Y. We shall show in Section |2T2l that our general definition indeed gives 
the Dolbeault resolution of the jet bundle when specialized to the case of a diagonal 
embedding. 
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Under the assumption that X is Kahler, Kapranov used the Levi-Civita connection to 
construct a fiberwise holomorphic exponential map 

exp : Xg -> X<T» X (1.1) 

between X^, the formal neighborhood of the zero section in the holomorphic tangent 
bundle TX, and X^ x , regarded as nonlinear fiber bundles over X. However, the ex- 
opnential map is not a biholomorphism and Kapranov described the pullback of holo- 
morphic structure on X^ x to X^ via exp using the Atiyah class of TX. Algebraically, 
the pullback map via exp gives rise to an ismorphism of dgas 

exp* : (A°x\J?),d) -> (4'(S(rX)),D), (1.2) 

where S(T*X) is the completed symmetric algebra of the cotangent bundle T*X and 
can be thought of as the pushforward of G («,) via the natural projection X^ — > X. The 

TX 

differential D encodes the pulled back holomorphic structure on TX and it is not the 
same as the ordinary d on S(T*X) induced from that of T*X. Kapranov showed that 
one has to correct the usual 3 by the curvature and its higher covariant derivatives. Let 
V be the (1, 0)-part of the Levi-Civita connection and define 

R 2 = R= [3, V] G ^(Hom(S 2 TX, TX)) 

and 

R n = V"- 2 R E A°x 1 (Hom(S n TX,TX)), n>2, 

so that K2 = R is a Dolbeault representative of the Atiyah class ocjx S Ext x (S 2 TX, TX) 
of the tangent bundle ( 1Ati57IO . Kapranov obtained an explicit formula for D: 

D = a+££ n/ (1.3) 

n>2 

where R n is the derivation on ^4 0, *(S(T*X)) induced by R n , regarded now as elements 
in # 1 (Hom(T*X, S n T*X)). 

Kapranov's construction of the exponential map and proof of the formula \\.3) for 
the differential D is based on the formal geometry developed by Gelfand, Kazhdan 
and Fuchs (see IIGK71L HGKF72I1 ). Nevertheless, we will give a very simple formula 
(|3.8[) for the pullback map exp* in Section 13.21 and we will use it to give an algebraic 
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proof of Kapranov's theorem. This formula is handy for explict computation and later 
generalization to the case of general embeddings. 

As an interesting application of our formula for exp* (with slight adjustment), we 
will show in Section 13.31 that the Atiyah class is the only obstruction for the existence 
of an isomorphism between the <^x-sheaves J™ and S(T*X) respecting the natural 
filtrations on both sides (Theorem I3.3D , for an arbitrary complex manifold X without 
the Kahler assumption. Note that it is not even obvious from Kapranov's formula (11.31) 
of D in the Kahler case, since the curvature R does not necessarily vanishes on the nose 
even when its corresponding cohomology class cxjx & Ext^ (S 2 TX, TX) is zero. 

This little yet somewhat surprising fact has intimate connection with the work of 
Arinkin and Caldararu HAC12H and Calaque, Caldararu and Tu ICCT11I , which is best 
understood in the language of derived algebraic geometry in the sense of Lurie ULurl . 
We would also like to mention the recent work of HCSX12B of Chen, Stienon and Xu and 
the work of Calaque BCall2B . They considered the general case of a inclusion of Lie al- 
gebroids A C L, which is specialized to our case when L = TX <8> C is the complexified 
tangent bundle of a complex manifold X and A = T 0,1 X is the (0, l)-part of L. In par- 
ticular, Theorem l3.3l can be regarded as the 'Koszul dual' of the Theorem 1.1 in l|Call2l . 
However, we will not explore in details these relations in this paper. 

To get ride of the Kahler assumption, Kapranov introduced the bundle X exp of formal 
exponential maps on X (which he denoted as <D(X)). Any smooth section cr of X eX p 
gives a exponential map of the form (|1.1|) and the corresponding pullback map jl.2} , 
where the differential D can be characterized by a formula similar to il.3} containing 
analogues of R n which measure the failure of cr to be holomorphic. We will review 
in Section H] the construction of X exp and show that it can be naturally identified with 
another bundle X conn of jets of holomorphic connections which are flat and torsion-free, 
which is more related to our formula for the pullback map exp*. The discussion will 
make it clear that our construction of the exponential map is equivalent to Kapranov's 
construction in the Kahler case. 

The paper is organized as follows. In Section |2l we review the definitions and basic 
properties of the Dolbeault dga from MYul2|| and show that, in the case of a diagonal em- 
bedding, the Dolbeault dga is isomorphic to the Dolbeault resolution of the jet bundle 
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considered in | Kap99 1. In Section|3l we state and prove our version of Kapranov's theo- 



rem. We will discuss the application mentioned above and make more comments about 
its relation with other works. Section|4]is devoted to setting up the language of formal 
geometry adopted in the paper. We mainly follow the nice approach of Bezrukavnikov 
and Kaledin [BK04]. At the end, we argue that our version of the holomorphic expo- 
nential map coincides that with Kapranov's original one. 

Acknowledgements. We would like to thank Jonathan Block, Damien Calaque, Andrei 
Caldararu, Nigel Higson, Mathieu Stienon, Junwu Tu and Ping Xu for helpful discus- 
sions. 

2. DOLBEAULT DGA OF A FORMAL NEIGHBORHOOD 

2.1. Definitions and notations. Let Y be a complex manifold and X be a closed com- 
plex submanifold in Y. We denote by i : X ■=->■ Y the embedding, by Gx and Gy the 
structure sheaf of germs of holomorphic functions over X and Y respectively, by J 1 the 
ideal sheaf of Gy of holomorphic functions vanishing along X. Then we can define the 
r-th formal neighborhood Y (,) of the embedding as the ringed space (X, Gf( r )) °f which the 
structure sheaf is 

*?y W = Gy/^ r+l . 

The (complete) formal neighborhood Y = Y (oo) is defined to be the ringed space (X, G Y ) 
where 

G Y = km ff y{r) = km G x /^ r+1 . 

r r 

We will also write X < y° ) and Xy instead of Y and Y (r) to empkasize tke submanifolds in 
question. 

We review tke notion of Dolbeault differential graded algebra (dga) of tke embedding 
i : X^Y from lYui2l Let (A°''(Y),d) = (A'D°/,d) denote tke Dolbeault dga of Y, 
witk multiplication being tke wedge product and tke differential 

d:A°''(Y)^A°>' + \Y) 

being tke (0, l)-part of tke de Rkam differential. For eack nonnegative integer r, we set 
a* to be tke graded ideal of A 0, *(Y) consisting of tkose forms w 6 A 0, '(Y) satisfying 

i*(£v 1 £v 2 ---£v l cv) =0, VI <;</, (2.1) 
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for any collection of smooth (1, 0) -vector fields V\, V2, . ■ . , Vi over Y , where < I < r. 

Proposition 2.1 ( |Yul2l ). The ideal a' is invariant under the action ofd, hence is a dg-ideal of 

(A°'*(Y),d). 

Definition 2.2. The Dolbeault dga ofY (r) is the quotient dga 

A'(Y lr) ) := A°''(Y)/a' r . 
In particular, A' ( Y (0) ) = A '* (X) . Moreover, there is a descending filtration of dg-ideals 

0* D a* D a* D • ■ ■ , 
which induces an inverse system of dgas with surjective connecting morphisms 

A°''(X) = A'(Y ( °y) <- A'(f ll) ) <- A'{Y {2) ) < . 

The Dolbeault dga ofY is defined to be the inverse limit 

A'(Y) = A'(Y lco) ) := hm^'(Y (r| ). 

r 

We will write A(Y) = A°(t) and A{Y [r) ) = A°(Y {r) ) for the zeroth components of the 
Dolbeault dgas. 

By Remark 2.4., IIYul2L we have the following alternative description of (A*(Y), d). 
Proposition 2.3. The natural map 

A°''(Y)f f]a;^A'(Y) (2.2) 

r<=N 

induced by the quotient maps 

A°''{Y) -> A'{Y lr) ), r e N, 

is an isomorphism of dgas. 

In |Yul2L we sheafified the Dolbeault dgas A'(Y [r) ) and A'{Y) to obtain sheaves of 
dgas =e/*(Y (r) ) and £/*(Y) respectively over X. Similarly, a* induces a sheaf of dg-ideals 
o*. Moreover, there are natural inclusions of sheaves of algebras &f( r ) £^{Y {r) ) and 
^-t- srf (Y). The following result was proved in ||Yul2L 
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Theorem 2.4. For any nonnegative integer r or r = oo, the complex of sheaves 

o _> ff n) _> ^o r) 4 ^ i> . . . i> ^» r) _> o 

is exacf, w/iere m = dimX. In o£?zer words, {^' {r) ,d) is a fine resolution of fffw- 

As the completion of A 0, '(Y) with respect to the filtration a*, the dga A'{Y) is itself 
filtered and its associated graded dga is 

oo 

S rA'(Y)^(A°''(Y)/a' )®^a' r /a; +1 . 

r=0 

Note that A°'*(X) ~ A°'"(Y)/a5 and a ; Va ; ' +1 are dg-modules over (^°' , (X) / 3). We 
define, for each r > 0, a 'cosymbol map' of complexes 

T r :(a r 7a; +1 )^^'(S'- +1 N v ), (2.3) 

where S' +1 N V is the (r + l)-fold symmetric tensor of the conormal bundle N v of the 
embedding. Given any (r + l)-tuple of smooth sections . . . , jj. r+ \ of N, we lift them 
to smooth sections of TY \x and extend to smooth (1, 0) -tangent vector fields fL\, . . . , p. r+ i 
on Y (defined near X). We then define the image of cv + a* +1 G a* / a* +1 under r for any 
cv E a', thought of as linear functionals on (N)®( r+1 ), by the formula 

r r (w + a' +l ){\xi <g> • • • <g> Hr+i) = FCfoLfr ■ ■ ■ C^cv. (2.4) 

The map r r is well-defined and is independent of the choice of the representative cv and 
pLj's, Moreover, the tensor part of r r (cv + a' +1 ) is indeed symmetric. 

Proposition 2.5. The map r r in H2.3D is an isomorphism of dg-modules over (A 0, '(X),d). 

Corollary 2.6. We have a natural isomorphism ofdgas 

oo 

gr^(Y)^®^'(S»N v ). 

n=Q 

2.2. Diagonal embeddings and jet bundles. We consider the case of diagonal embed- 
dings. Let X be a complex manifold and let A : X ^ X x X be the diagonal map. For 
convenience, the associated formal neighborhoods are denoted as A (oo) = X^ix an d 
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(t) 

A w = X^xx throughout this section. We denote by pr x ,pr 2 :XxX^X the projec- 
tions onto the first and second component of X x X respectively. From the algebraic 
perspective, the jet bundle of order r (r > 0) can be viewed as the sheaf of algebras 

and similarly for the jet bundle J™ of infinite order, 

Moreover, they are sheaves of ^x-rnodules where the ^x-actions are induced from the 
projection pr r Analytically, the ^x-modules J7 X can be regarded as finite dimensional 
holomorphic vector bundles, while is a holomorphic vector bundle of infinite di- 
mension and is the projective limit of J x 's. Fiber of J x (resp. J™) a * each point x G X 
can be naturally identified with the algebra of holomorphic r-jets (resp. oo-jets) of func- 
tions at x. Thus we can form the sheaf of Dolbeault complexes of J x , 

where 3) is the sheaf of Dolbeault complexes over X. Moreover, (^ 0, '(<Jx)' ^) ^ s 

also a sheaf of dgas, such that the multiplication is induced by that of J x and the wedge 
product of forms. The sheaf of Dolbeault complexes of J x is defined to be 

^°''(Jx) = hW°''(Jx) = £m<'* Jl 

r r 

which is also a sheaf of dgas. We also denote the global sections of the sheaves by 

A°''(J X ) = r(X,^°''(J x )), A°>'(J?) = T{X,^'{J£)). 

The Dolbeault dga (A'(A lr, ),d) is also an (-4°'*(X), 3)-dga. The A°''(X) -action is 
given by the compositions of homomorphisms of dgas 

A°''(X) A°' m (X xX)4 *4*(A (r) ). 

Similarly, we have natural homomorphisms of dgas 

(^•(x),a) (.4* (a (oo) ),3), -> « (0O) ,a), -> « w ,a), 
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which are all induced by pr l . The natural inclusion G^ T ) ^4 sf^r) can be regarded as 
the ^?x-hnear morphism 

which extends to an (srf x '° , 9)-linear morphism of sheaves of dgas 

I r : ^°'-( J r x ) = s4' m ® ex J r x ^ < (r) . (2.5) 

By letting r vary and passing to the inverse limit, we obtain an {&? x '° , 3)-morphism of 
sheaves of dgas 

loo :^'Vx )"►<(»). (2-6) 
We use the same notations for maps induced by I r and 1^ on the global sections. 

Proposition 2.7. The homomorphisms 

l r : A°' m (J x ) ^ A'(A^) 

and 

are isomorphisms of (A 0, '(X), d)-dgas. Similar residts hold for the corresponding sheaves. 

Proof. We prove the proposition by induction on r > 0. When r = 0, both A '* (Jx) an d 
A'(A^) can be identified with A 0, '(X) and Jo is an isomorphism. Now assume that I r 
is an isomorphism. We have for any k > a natural isomorphism J? k / J? k+1 ~ S k T*X 
of sheaves of ^x-modules similar to r r in (12.3I ) and hence a short exact sequence 

-> S fc T*X -> Jl -> 0. 

Now there is a commutative diagram 

> /'(S r+1 T*X) -> A°''(J X +1 ) -> -4°'*(j£) > 

y v y 
> a' r /a; +1 > A*(A {r+1) ) — > _4'(A (r) ) > 

of two rows of short exact sequences. The leftmost vertical map is exactly the inverse of 

T r in (|2.3|) , where the conormal bundle of the diagonal is identified with the cotangent 

bundle of X. The rightmost vertical map is I r , which is an isomorphism by the inductive 

hypothesis. Therefore, by the five lemma, l r+ \ in the middle is also an isomorphism. □ 
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3. Kapranov's theorem revisited 

3.1. Conventions on the symmetric algebra. We recall a basic yet useful observation 
from IAC12|I . Let V be a finite dimensional vector space. The free coalgebra T C (V) — 
®k>oV® k generated by V is equipped with a commutative algebra structure, give by the 
shuffle product 

{vi®'--®v p )-{v p+1 ®---®v p+x )= £ v a(1) ® ■ • • ®v a{v+q) , 

<xeSh(p,ij) 

where Sh(p, q) is the set of all (p, (^-shuffles. 

The symmetric algebra S(V) = ®k>oS k V is naturally a subalgebra and quotient al- 
gebra of T C (V) via the inclusion 

S(V) -)• T(V), v lV2 ■ ■ ■ v k i-> £ <g> ^ (2) ® • • • ® t7 ff(jt) (3.1) 
and the surjection 

1 

T c (y) -> S(V), Oi®t» 2 ®---®B)ti-)' rj^i^---^. (3.2) 
Both are homomorphism of commutative algebras and moreover the composition 

S(V) — > T c (y) -> S(V) 

is the identity. The same discussion applies to the completions f c (V) and S(V) with 
respect to the natural gradings. From now on, we will always think of S(V) as a subal- 
gebra of T C (V) via the inclusion defined above. 

3.2. Kapranov's theorem and holomorphic exponential map. We now reformulate 
and provide an alternative proof of Kapranov's theorem on the concrete description 
of the formal neighborhood of a diagonal embedding in terms of the Atiyah class. Sup- 
pose that X is equipped with a Kahler metric h. Let V be the canonical (1, 0)-connection 
in TX associated with h, so that 

[V, V] = in ,4|°(End(TX)). (3.3) 

and it is torsion-free, which is equivalent to the condition for h to be Kahler. 

Set V = V + 3, where 3 is the (0, 1) -connection defining the complex structure. The 
curvature of V is 

R = [3,V] G ^ 1 (End(TX)) = //(Hom(TX®TX,TX)). (3.4) 
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In fact, by the torsion-freeness we have 

R G ^ 1 (Hom(S 2 TX / TX)). 

We have the Bianchi identity 

dR = in A°x 2 (Hom(S 2 TX, TX)). 

Thus R defines a cohomology class in Ext^ x (S 2 TX, TX), which is the Atiyah class otjx 
of the tangent bundle ( BAti57IO . It is the obstruction for the existence of a holomorphic 
(1, 0)-connection on TX. 

Now define tensor fields R n , n > 2, as higher covariant derivatives of the curvature: 

R„ G A°/{Hom(S 2 TX® TX^"~ 2) , TX)), R 2 := R, R i+ i = VR,-. (3.5) 

In fact R n is totally symmetric, i.e., 

R n G ^ 1 (Hom(S"TX,TX)) = A°/(Hom(T*X,S"T*X)) 

by the flatness of V (I3.3D . Note that if we think of V as the induced connection on the 
cotangent bundle, the same formulas (13.41) and Q3.5D give — R n . 
Kapranov observed that one can define a differential 

D = 3+££„ (3.6) 

n>2 

on the graded algebra A°/(S(T*X)), where R n is the odd derivation of A°/{S(T*X)) 
iO,l , 



induced by R n G A% L (Hom{T*X, S n T*X)). (Note that in [ |Kap99| Kapranov used the 
notation R*.) By purely algebraic properties of R n 's, it was shown that D 2 = 0. In other 
words, (Ax*(S(T*X), D) is a dga. Kapranov gave a geometric intepretation of this 
dga (following the suggestion by Ginzburg). Namely, he constructed a 'holomorphic 
exponential map' 

exp . A TX A XxX 

using the Levi-Civita connection of X, where X^ is the formal neighborhood of X 
(regarded as the zero section) in the total space of TX. The exponential exp is a fiberwise 
holomorphic morphism between (nonlinear) holomorphic fiber bundles, but it is not 
holomorphic when the base point on X moves around. If we think of S ( T* X) as sheaves 
of functions on X^, then D 2 = means that D defines a new holomorphic structure 
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on Xlfx, which is exactly the holomorphic structure on X X J, X pushed forward via exp. 
In other words, the pullback map via exp induces an isomorphism of dgas 

exp* : (A°/(J?),d) -> (i°/(S(rX)),D). (3.7) 

As mentioned in the Introduction, we will provide an alternative proof of Kapranov's 
theorem by writing down directly a formula for the pullback map exp* . The reason why 
it coincides with Kapranov's original construction of the exponential map will be clear 
in Section SI 

Since we have shown in Section [2T21 that our Dolbeault dga (A m (X™ x ),d) is isomor- 
phic to («4.x*(^x°)' we can wor k with the former. Define 

exp* : ^'(X^ x ) ^°/(S(T*X)) 

by 

exp*([r,]oo) = (A*r,,A*Vr,,A*VV-- , A* V"r,, ■ ■ • ), (3.8) 

where r\ S A 0, '(X x X) and [77)00 is its image in A*(X X ^ X ). Here V is understood as 
the pullback of the original V of T*X to X x X via pr 2 : X x X — > X. In other words, 
it is now a constant family of connections on the trivial fiber bundle pr l : X x X — > X 
which act only in the direction of the fibers (i.e., the second factor of X x X). By VT7 we 
mean the (1, 0) -differential d 2 T7 of r\ in the direction of the second factor of X x X and 
V n 77 = V n ~ l d 2 V- 

The map exp* is an isomorphism of filtrated graded algebras since it induces the 
identity map on the associated graded algebras (both equal to A X *(S(T*X))). 

Remark 3.1. The reader might think that we should add the factor 1 jk\ in each compo- 
nent of the formula (|3.8|) so that it will look the same as the usual Taylor expansion. Yet 
what is really going on here is that a priori (A*V k T])] c >o belongs to A x *(t C (T*X)), then 
by the torsion-freeness and flatness of V we know it actually lies in the symmetic part of 
A x * (f c (T* X)) . To extract it as an element in A X *(S(T*X)) we apply the quotient map 
(|3.2|) in Section l3Tl to f c (T*X) part and the factors 1 jk\ arise exactly from there. In par- 
ticular, when X = C" with the flat Kahler metric, we get the usual Taylor expansions. 
We will not repeat this point when similar situations appear later. 
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Theorem 3.2 (compare with Theorem 2.8.2, ]Kap99[). Assume that X is Kahler. The map 



exp* : (A'(X^ x ),d) -> «(S(fX)),D) 
is an isomorphism ofdgas, where D is as defined in (|3.6|) . In particular, D 2 = 0. 
Proof. We need to show that 

d o exp* — exp* o 3 = — ( V R n ) o exp* . (3.9) 

n>2 

Let 

T = [3, V] G ^ xX (Hom(pr*T*X,S"(pr*T*X))) 

and 

f G ^ 1 xX (Hom(S*(pr* T*X), S' +l {pr* 2 T*X))) 

the derivation on A^' xX (S' (pr 2 T*X)) induced by T which increases the degree on S* 
by 1. Here again by V we mean the pullback pr^ V acting on the cotangent bundle. But 
it is constant in the direction of the first factor of X x X. So if we decompose 3 = 3i + 3 2 
according to the product X x X, we get 

T = [3,V] = [3 2 ,V] =pr*(-R). 

For any [77] 00 G A'(X < £l x ), we have 

v n 3rf = av"n - £ V'ofo 

i+j=n-2 

By evaluating T and expanding the action of V via the Leibniz rule, we find 

n-l „ 

v"3t] = av"T] - £ v*r o v n - k - l n, 

k=0 

where V^Y is the derivation induced by V^T. Finally by applying A* on both sides we 
obtain since A* V ,C T = A* pr*(-R k ) = -R k . □ 
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3.3. An application. As an application of the formula (|3.8j) (yet in a more general con- 
text), we prove the following result claiming essentially that the Atiyah class is the only 
obstruction for the existence of a biholomorphism between X x ^ x and X^, which might 
look surprising at first sight. 

Theorem 3.3. Let X be an arbitrary complex manifold (not necessarily Kahler). Then there 
exists an (A '' (X) , d)-linear isomorphism ofdgas 

(A'(x^ x ),d) ^ (4'(s(rx)),a) 

preserving the natural filtrations on both sides and inducing the identity map on the associ- 
ated graded algebras (both equal to A X *(S(T*X))), if and only if the Atiyah class ocjx ofTX 
vanishes. 

Proof. Assume such an isomorphism exists. In particular, it gives a holomorphic split- 
ting of the short exact sequence 

o -»• s 2 rx -> j x -> j\ -> o 

and hence a holomorphic splitting for 

->■ S 2 T*X -> J '/j^ 3 -> J I J 1 = T*X -4 0, 

where C &xxx is the ideal sheaf of functions vanishing along the diagonal. There- 
fore the Atiyah class vanishes by Proposition 2.2.1., | Kap99| . 



On the other hand, if the Atiyah class of TX, or equivalently, of T*X vanishes, then 
there exists a holomorphic connection V on T*X (cf. IAti 57B. We define a map from 
A* (X^xx) *° * ne Dolbeault resolution of the sheaf of completed free coalgebras f c (T*X) 
= Uk>o(.T*X)® k , 

I:A'(X^ x )^A x '(f c (rX)) 

by the formula 

/(Moo) = (A*V fc Tj) fc > e A x '(f c (T*X)) 

which is similar to (|3.8|) and V here is again understood as acting on the second factor 
of X x X, etc. J is a morphism of graded commutative algebras if we equip T C (T*X) 
with the shuffle product. Moreover, it commutes with the 3-derivation on both sides 
since [d, V] = 0. Thus I is a morphism of dgas. 
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The image of I is no longer guaranteed to lie in the symmetric algebra since we do 
not have additional assumption on V as before. Yet we can compose J with the quotient 
map (|3.2|) to get another morphism of graded algebras 

I:A'{X^ X ) A A° X '(T C (T*X)) A°/(S(T*X)). 

Since the quotient map T C (T*X) — >■ S(T*X) is essentially the symmetrization map, it 
commutes with the 3-derivations on both sides induced by that of T*X and hence I 
is a morphism of dgas. It also preserves the filtrations and its induced map on the 
associated graded algebras is the identity map, since symmetrization does not affect 
the symbols of the differential operators V fc . Therefore J f ullf ills the required conditions. 

□ 

Digression. The result of Theorem 13.31 is parallel to the work of Arinkin and Caldararu 
|AC12|I . They showed there that, for a closed embedding i : X ^4 Y of schemes, there 
exists an isomorphism 

i%^x~0A fc N v [Jfc] 
k 

of algebra objects in the derived category D(X) of X, where N v is the conormal bun- 
dle, if and only if a certain class oc N € Ext x (A 2 N,N) = Ext x (S 2 (N[-1]), N[-l}) (which 
they called the HKR class) of the embedding vanishes, can be thought of as a relative 
version of Atiyah class of the tangent complex of the embedding, which is N[— 1] . More- 
over, they showed that oc^ is the obstruction class for the existence of a holomorphic 
extension of the normal bundle N to the first-order formal neighborhood Xy 1 '. From 
the viewpoint of derived algebraic geometry (in the sense of Lurie [LurlO , z*z* ffx can be 
regarded as the structure complex of the derived self-intersection X x y X. 

In the context of Theorem 13.31 the corresponding morphism of spaces behind the 
scene is X — > X^r. X^r = (X, Cl x ) is the de Rham space of X, which is X equipped 
with the sheaf of de Rham complex Q* x , regarded as a dg-manifold. The canonical map 
X -4- X^ R arises from the quotient map -4- &x- The derived fiber product X x§ dR X 
is exactly X£^ x . The candidate for the 'first-order formal neighborhood' in this case 
seems to be X' dR = (X, nl 1 ), where Cl x 1 is the truncated de Rham complex X ^x- 
The tangent complex of the map X — > X^ R is nothing but TX and the existence of 
an extension of the vector bundle TX to X' dR is clearly equivalent to the existence of 
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a holomorphic connection of TX and hence equivalent to the vanishing to the usual 
Atiyah class of TX. 

The comparison between these two situations suggests that there should be an alter- 
native proof of Theorem l3.3l which is parallel to that in IIAC12L This was done in the pa- 
per of Calaque IICall2| in a more general context of an inclusion A C L of sheaves of Lie 
algebroids over a space X with a sheaf of algebras R, first considered by Chen, Stienon 
and Xu IICSX12I . The Chen-Stienon-Xu class a L/A G Ext^((L/A) ® R (L/A),L/A) de- 
fined in BCSX12B recovers in particular the Atiyah class when L = TXr C is (the sheaf 
of smooth sections of) the complexified tangent bundle of a complex manifold X and 
A = T 0,1 X. Calaque then defined for such an inclusion the first formal neighborhood 
A^ 1 ) as certain quotient of the free algebroid FR(L) generated by L (after Kapranov 
]Kap07)), and showed that the following statements are equivalent: 

(1) The Chen-Stienon-Xu class oc L / A for (L, A) vanishes. 

(2) The A-module structure Lj A lifts to an A^'-module structure. 

(3) U(L)/U(L)A is isomorphic, as a filtrated A-module, to Sr(L/A), where U(L) 
is the universal enveloping algebra of L and Sr(L/ A) is the sheaf of symmetric 
algebras generated by L/A. 

In our situation where R = X , L = TX M <g> C and A = T 0/1 X, the sheaf U(L)/U(L)A in 
the third condition above is nothing but the universal enveloping algebra U(T 1,0 X) = 
U(TX) of the Lie algebroid T 1 '°X = TX of smooth (1,0) -vector fields, with the A- 
module structure being the one induced by the holomorphic structure. Since J™ ~ 
Honv/ x (!I(TX), ff x ) and S(TX) ~ Hom^ x (S(TX), ff x ), the equivalence between con- 
ditions (1) and (3) is essentially the same as our Theorem 13.31 Also one can think for- 
mally of the first formal neighborhood A^> in this case as the 'Koszul dual' of the some- 
what naive dga ^■ x 1 - 

4. Formal geometry 

In this section, we will review basics of formal geometry developed by Gelfand, 
Kazhdan and Fuchs (see HGK71L IIGKF72II ). We will follow IIBK04H and base our con- 
structions of various jet bundles by applying Borel construction to the bundle X coor of 
formal coordinates (which also appears in the context of deformation quantization, see, 
e.g., ||Kon03L MBK04L ||Yek05ll ), thought as a torsor over some proalgebraic group G (oo) . 
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In particular, we obtain the bundle X exp of formal exponential maps used in |Kap99 [ 



xp 

and show that it can be naturally identified with a new defined bundle X conn of jets 
of holomorphic connections that are flat and torison-free. This reinterpretation of X eX p 
gives a geometric meaning of the formula (|3.8[) in 13.21 which is close to Kapranov's 
original approach, and allow us to work in general without the Kahler assumption. 

We should mention that this section overlaps a lot with the corresponding discus- 
sions in | Kap99 1, though we are working in the Dolbeault picture, and we claim no 



novelty except for the definition of X, 



conn- 



4.1. Differential geometry of formal discs. Fix a complex vector space V of dimension 
n. Consider the formal power series algebra 

t = c{v*i = s(y*) = Yl SW*, 

i>0 

that is, the function algebra of the formal neighborhood of in V. It is a complete 
regular local algebra with a unique maximal ideal m consisting of formal power series 
with vanishing constant term. The associated graded algebra with respect to the in- 
filtration is the (uncompleted) symmetric algebra 

gr T= S(V*) = 0ST. 

!>0 

Since we are in the complex analytic situation, we endow T with the canonical Frechet 
topology . In algebraic setting, one need to use the m-adic topology on T . However, the 
associated groups and spaces in question remain the same, though the topologies on 
them will be different. Since our arguments work for both Frechet and m-adic settings, 
the topology will not be mentioned explicitly unless necessary. We also use V = Spf T 
to denote the formal polydisc, either as a formal analytic space or a formal scheme. 



Following the notations in |Kap99|, we denote by G ( °°' = G ( °°'(V) the proalgebraic 
group of automorphisms of the formal space V, and by / (oo) = / ( °°'(V) the normal sub- 
group consisting of those <p 6 G (oo) with tangent map do<p = Id at 0. In other words, 
/<»)(y) is the kernel of d : G (oo) ->■ GL n (V). Let g (oo) = g (oo) (V) and j (oo) = j<°°>(V) be 
the corresponding Lie algebras. The Lie algebra g (oo) can also be interpreted as the Lie 
algebra of formal vector fields vanishing at 0, while j (oo) is the Lie subalgebra of formal 
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vector fields with vanishing constant and linear terms. We have decompositions 

g (oo) = Y\V® SV* = nHom(V*,S'V*) 

!>1 z>l 

and 

j(oc) = y $ s'V* = JjHom(V* / S i V*). 

i>2 ;>2 

Elements of g (oc,) and j (oo) acts on J 7 = fLx) S ! y* as derivations in the obvious manner. 
There is an exact sequence of proalgebraic groups 

1 -> J (oo) ->■ G (oo) -> GL n (V) -> 1 (4.1) 

which canonically splits if we regard elements of GL„ = GL„(V) as jets of linear trans- 
formations on V. In other words, G (oo) is a semidirect product: 

G (oo) = J(oc) ^ GL ^_ 

So we have a canonical bijection between sets 

q : / (oo) ^> G (0O, /GL„. (4.2) 
Moreover, there is a natural left G ( °°'-action on / (oo) given by 

(cp,T) -<p = cpoTocpoT- 1 , V (0, T) G J (oo) xi GL„ = G (oo) , V cp G / (oo) , (4.3) 
or equivalently, 

iP ■ cp = iP o cp o (d ipy\ V ip E G (oo) , V cp G / (oo) , (4.4) 

which makes ^ into a G (co) -equivariant map. Moreover, an automorphism <p in / <oo) can 
also be interpreted as a bijective morphism <p : TqV — >■ V, where TqF is the completion 
of the tangent space TqV at the origin, which is naturally identified with V itself. In 
addition, <p should induce the identity map on tangent spaces of two formal spaces at 
the origins (which are both equal to V). We call such a map <p as a formal exponential 
map since it satisfies analogous properties of exponential maps in classical Riemannian 
geometry. The above G (oo) -action on / (oo) then has a clearer meaning: think of ip G G (oo) 
as a change of formal coordinates on V and the image of <p under this transformation is 
<p composed with ip : V — > V and precomposed with the inverse of the linearization of 
ip on Tq V. In other words, / <oo) is the set of all formal exponential maps <p : TqV — > V, on 
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which the action of G <oo) comes from those on V and TqV with the latter being induced 
from the 'linearlization map' G (oo) — > GL„. 
To avoid confusion, we denote by 

T T := S((T Q vy) = S(V*) 

the algebra of functions on TqV and by xrij its maximal ideal, though it is just another 
copy of T . Having a formal exponential map <p : TqV —¥ V is the same as having an 
isomorphism of algebras 

<p* : T -> Tj (4.5) 

whose induced isomorphism between the associated graded algebras, which are both 
equal to S(V*), is the identity. As before, we want to set the G (oo) -action on Tj as the 
one induced from the linear action of GL„ on Tj and the projection G (oo) — > GL„. 

Now we give a another interpretation of / (oo) as a G ( °°'-space. Define Conn to be the 
space of all flat torsion-free connections on V, 

V : TV ->■ T*V TV = V* TV, 

where TV = S(V*) V and T*V = S(V*) (g> V* are (sections of) the tangent bundle 
and cotangent bundle of V respectively. Most of time we also write V for the induced 
connections on the cotangent bundle and its tensor bundles, e.g., 

V : T*V ->■ T*V®ff v TV. 

We identify T*V (g>^ T*V with S(V*) (g> V* ® V*, of the latter the first and second V* 
come from the first and second T* V of the former respectively. For any complex vector 
space V, there is a standard Euclidean connection Vg on V (acting on T*V) 

v £ : n s " v * ® y * n s"~ iy * 0^*0 v*, 

fj>0 ?!>1 

determined by its components 

(v e )„ : s n v* s w_1 y* 

defined by 

n 

(Vg)„(z;i02 - • ' <S> «) = 52 °1 ' ' ' ' ' ' v n ® v i ® u - 

i=l 
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Using V(j we can rewrite the components of / in the decomposition T = T\i>o S'V* as 
/ = ( V|/| )jfc>o = (/(0), V e /|o, V|/|o, ■ • • ) G T, (4.6) 

where Vg/ = df G T*V is the usual differential of functions and V%f = V*f l df (k > 2) 
while |o means restriction of the tensors at the origin. 

As in classical differential geometry, for each connection V G Conn on the formal 
space V we can assign an formal exponential map exp v : TqV — > V , which is defined 
to be the unique map in / (oc) such that it pulls back V into the Euclidean connection Vg 
on the completed tangent space, i.e., 

exp^V = V £ . (4.7) 

To be more explicit, we define exp v by defining its pullback map of functions expy : 
T ^ T T : 

exPv(/) = (V ! '/|o)f>o = (/(0), V/|o, V 2 /|o," ■ • ) G \\ S'(TqV)* = Tj (4.8) 

!>0 



which is analogous to (|4.6|) . Here again Vf = df and V ! / = V~ 1 df for z > 2. Note 
that to make sure the terms in the expression lie in symmetric tensors one has to resort 
to the torsion-freeness and flatness of V. 

On the other hand, any cp G / (oo) pushforwards the Euclidean connection Ve on TqV 
to a flat torsion-free connection V = </) t V|t on V. Thus by the discussion above we 
obtain a bijection 

exp : £onn ^> / (oo) . (4.9) 

Note that G (oo) naturally acts on Conn from left by pushforwarding connections via au- 
tomorphisms of V. Recall that we also have a G (oc) action on / (oc) defined by (|4.4|) . 

Lemma 4.1. The map exp : Conn — > / (oo) defined above is G {oo) -equwariant. 

Proof. One only needs to notice the following commutative diagram of spaces equipped 
with connections 

(7^,3) **>(7bV,a) 



exp v 



ex P,p t V 



which corresponds exactly to (|4.4|) . □ 
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All the arguments remain valid for = Spf T /m r , the r-th order formal neighbor- 
hood of V, where m is the maximal ideal of the local algebra J 7 . One can also define 
G( r \ p r ', etc., and state similar results about them. 

4.2. Bundle of formal coordinates and connections. We now introduce the bundle of 
formal coordinate systems p : X coor -4- X of a smooth complex manifold X. By defi- 
nition (§4.4., | Kap99| ), for x G X the fiber X coor ^ iX is the space of infinite jets of biholo- 



morphisms q> : V ~ C" — > X with <p(0) = x. Hence X coor is a natural a holomorphic 
principal G (oo) -bundle (or a G (oo) -torsor). 

We have a canonical isomorphism between sheaves of algebras 

X OT x x J»~X m xJ. (4.10) 

over X coor . Thus X coor can also be characterized by the following universal property 
(see |BK0H, |Yek05l ): given any complex space S, a morphism 77 : S — > X and an 
isomorphism C '■ rfj™ — of sheaves of topological algebras over S, there is 

a unique morphism r/' : S — > X coor such that 77 = p o n' and C is induced from the 
isomorphism (|4.1Q|) . Note that such C does not necessarily exist for arbitrary r\ : S — > X, 
but always does for those S which are Stein. 

One can obtain various canonical jet bundles on X by applying Borel constructions 
on principal G ( °°'-bundle X coor . For example, T is naturally a left G ( °°'-module and the 
corresponding sheaf of algebras associated to the G (oo) -torsor X coor coincides with the jet 
bundle of holomorphic functions Jx'- 

Xcoor x g(°°> 3~ ~ 

To get the natural flat connection on Jx r one could adopt the language of Harish- 
Chandra torsors as in [BK04]. We omit it since this connection will not be used in this 
paper. Other jet bundles, such as J^Tx, the jet bundle of the tangent bundle, and 
J^Tx' t ne j e t bundle of cotangent bundle, can be obtained in a similar way. Again we 
refer interested readers to MBK04L 

Another related space which is at the very core of our discussions is the bundle of 
formal exponential maps introduced in |Kap99 1, which we denote by X exp (some liter- 



atures use the notation X a fi). Each fiber X exprX of X exp at x G X is the space of jets of 
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holomorphic maps <p : T X X — > X such that (f)(0) = x, do(p = Id. We have a map 

X coor -> X exp , <p i-> o (d ^) _1 
which induce a biholomorphism 

X coor /GL n ~ X ejcp (4.11) 
On the other hand, we can define the bundle of jets of flat torsion-free connection 

Xconn — X coor x q(co) Conn 

whose fiber at a given point x G X consists of all flat torsion-free connections on the 
formal neighborhood of x. By combining the G (oo) -equivariant bijections (|4.2[) , (|4.9|) and 
(|4.11|) , we get 

Xconn — X coor Xj-jjoo) J ' ~ X coor X q(oo) G /GLjj — X eX p- (4-12) 

In other words, we can naturally identify jet bundle of flat torsion-free connections 
with the jet bundle of formal exponential maps. From now on, we will not distinguish 
between these two jet bundles and denote both by X conn , though both interpretations 
will be adopted in the rest of the paper. 

4.3. Tautological exponential map. By definition of X conn , there is a tautological flat 
and torsion-free connection over X conn , 

V toi : 7t*J°°T*X -> vfJ^TX®^^ n*J°°T*X r 

which is ^ > x m£ir -^ near y e * satisfies the Leibniz rule with respect to the differential 

d {ca) : n*J^ ->■ n* J°°T*X 

that is the pullback of 

d (oc) . j-^o _^ Joo T * x 

Here ci (oo) is the <?5x-hnear differential obtained by applying the Borel construction with 
X coor and the differential d : 0^ —¥ T*V on the formal disc. 

On the other hand, since X conn can also be interpreted as the bundle of formal expo- 
nential maps, we have a tautological isomorphism between sheaves of algebras over 

Xconnr 

Exp* : 7t*(X coor x G(0O) F) -> 7t*(X coor x G(oo) T T ), (4.13) 
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induced from exp* in (|4.8|) via the Borel construction. The domain of Exp* is identified 
with n* J5j? or it* G («,) , while for the codomain we have 

X XxX 

X C00 r XgM Ft — Xcoor x g(») GL n X GL|! Tj ~ X coor /J (ca) XgL„ -^T 

by our definition of the G (oo) -action on Tj. But the principal GL„-bundle X coor / / (oo) is 
exactly the bundle of (Oth-order) frames on X, so 

Xcoor /J (X) X GL „y~TX. 

Since the GL„ action respects the decomposition Tj = n*>o S'V*, we get 
X C oo r / J {oo) x G l„ F T ~ n sirx = S(T*X), 

i>0 

which is the structure sheaf of X^, the formal neighborhood of the zero section of TX. 
In short, we have a tautological exponential map 

Exp : X C onn X X Xj-% >■ X CO nn X X ^XxX 

or equivalently, an isomorphism of bundles of topological algebras 

Exp* : n*0 (.) -> 7r*^ (.). 

A XxX A TX 

which we might call as the tautological Taylor expansion map. Moreover, the map induced 
by Exp* between associated bundle of graded algebras 

grExp* : 7r*gr€? M = 7r*S(T*X) -)• 7r*S(T*X) 

A XxX 

is the identity map. In virtue of (|4.8|l , Exp* can be written in terms of Vtau- 

Exp* (f) = (VL„/|o)i>o = (/(0),V ffl „/| 0/ VL/lo,---) G 7r*S(T*X) (4.14) 

where the 'restriction to the origin' map 7r*S' l 7 00 T*X — >■ 7r*ST*X comes from the local 
restriction map T* V — > Tq V - = y * by applying Borel construction with X coor and then 
pulling back to X conn via n. Again Vf HM / means d (oo) / and so on. 

Remark 4.2. Note that there is no natural G (oo) - or /'"'-action on X exp = X coor . Yet it is a 
torsor over the proalgebraic group bundle / (oo) (TX), whose fiber over x G X is the group 
of jets of biholomorphisms <p : T X X — > T X X with <p(0) = 0, do<p = Id. Indeed, consider 
the proalgebraic group Auto ToV of automorphisms of TqV whose tangent maps are the 
identity. Auto TqV can be identified with / (oo) as sets, yet we endow it with a different 
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G (oc) -action which is the conjugation of the one on TqV induced from G (oo) — > GL„. 
Auto Tr,V acts on / (oo) from right by precomposition and the action is compatible with 
the G (oo) -actions. Finally, notice that 

;(»)(TX) ~ X coor x G(oo) Auto TqV. 

Let j ( °°'(TX) be the bundle of Lie algebras associated to / (oo) (TX). We have a natural 
splitting 

j<°°>(TX) = p[Hom(S'TX,TX) = J^Hom(T*X, S'T*X). (4.15) 

!>2 !>2 

Remark 4.3. All the jet bundles we are discussing here are holomorphic and although 
in general they might not admit global holomorphic sections, there always exist global 
smooth sections. For example, let us consider the fiber bundle n n : xi"2(X) — > X of 



'n-th order exponential maps', cf. §4.2., | Kap99) . By definition, for each x G X the 



(n) 

fiber Xg X L x is the space of n-th order jets of holomorphic maps (p : T X X —> X such that 
<p(0) = x, docp = Id. Thus we we have a chain of projections 

X <- xg, <- xg> < . (4.16) 

Each Xgxp is an affine bundle over X^ whose associated vector bundle is 

7r*Hom(S' !+1 TX, TX), 

(n) 

so any section of Xg X L can be lifted to a smooth section of the next bundle in the dia- 
gram. The inverse limit of the diagram is exactly the bundle n : X exp — > X. Thus X eX p 

(2) (2) 

admits global smooth sections. Note that in picture of connections, X\ x ' v = Xc„„ n can be 
regarded as the bundle of torsion-free connections (see Section 2.2., |Kap99|). 



4.4. Kapranov's theorem revisited. We now show how to implement the formal analy- 
sis from previous sections to prove Kapranov's theorem, in a more general form. Given 
any smooth section cr of X conn , it induces a smooth homomorphism via the tautological 
Taylor expansion map Exp*: 

exp; : Jf S(T*X), 

between Frechet bundles of algebras over X. It is holomorphic if and only if cr is holo- 
morphic. Conversely, X conn satisfies the universal property similar to that of X coor . 
Namely, given a holomorphic (resp. smooth) map r/ : S — > X, any holomorphic (resp. 
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smooth) isomorphism C '■ if <Jx ~~ n*S(T*X) of sheaves of <^s~ m °dules, which induces 
the identity map on the associated graded algebras 

grj|° = S(T*X) =gr S(T* X), 

arises from Exp* and a unique holomorphic (resp. smooth) section r/' : S — > X conn such 
that r\ — norf . 

In particular, global smooth sections of X conn correspond in a 1 — 1 manner to all 
possible smooth isomorphisms between J™ and S(T*X) which induce the identity 
map on the associated graded algebras. As a holomorphic principle / (oc) (TX)-bundle 
(see Remark|42l), X conn carries a flat (0, 1) -connection d, such that for any given smooth 
section cr of X con „, its anti-holomorphic differential 

av := da 6 A ' 1 (} loo) {TX)) (4.17) 

is well-defined and satisfies the Maurer-Cartan equation 

dcv o - + -[cv o -,cv a } = 0. (4.18) 

Decompose w as in (|4.15[) , we get (0, 1) -forms 

< € A°/(Hom(S n TX,TX)) = A°/(Hom{T* X, S"T* X)). 

Moreover, one can extend the map exp* linearly with respect to the „4°'*(X)-actions to 
a homomorphism between graded algebras 

exp; : A°t'(J?) -> 4*(S(rX)). (4.19) 

In light of Proposition l2.7[ we abuse our notations and still use exp^ for the composition 
ex Po- °(^oo) -1 / so that we have 

exp; : A-(X^ X ) -> 4'(S(fX)). (4.20) 

However, the map (|4.20[) does not need to commute with the 3-differentials on both 
sides. The deficiency is measured exactly by a> a , that is, 

a; £J = (aex P ;)o(exp* r )- 1 / (4.21) 

where 3exp; = [3, exp*]. This suggests that we can correct the usual holomorphic 
structure on S(T*X) to make exp^ into a map of dgas. Let cv and be the odd deriva- 
tions of the graded algebra A 0, *(S(T*X)) induced by w and respectively. Define a 
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new differential D a = d — w = d — £„>2 then D\ = 0, which is equivalent to then 
the Maurer-Cartan equation (|4.18|) . We have the following generalization of Theorem 

Proposition 4.4. The Taylor expansion map with respect to any given smooth section a ofX conn 

ex P ; : (A-(X^ x ),d) -+ (A°'-(S(FX)),D a ) 

is an isomorphism ofdgas. 

If we denote the value of a at each point x G X as V x , where V* is a flat torsion-free 
connection of T*X on the formal neighborhood of x in X, then the map exp* regarded 
as a homomorphism between sheaves of smooth sections of J7^° and S(T*X) can be 
formally expressed as 

exp*([/]oo)|* = <J\x, (3/) I*, (V*/)U • ■ • , (V«/)U, • • • ), (4.22) 

where | x means taking the value at x of the formal tensors fields on the formal neigh- 
borhood of x. We can also write down formula for each a£ of similar form as that of R n 
in Theorem 13.21 Namely, if we regard <x as a section of the affine bundle X co „ n via the 

(2) — 

projection X conn — > X). onn , then «2 = 3<r and the values of a" (n > 2) at each point x is 
given by 

«n|x = (V"~ 2 a 2 )|i- 

Remark 4.5. If X is Kahler, we can take a to be the holomorphic jets of the canonical 
(1, 0)-connection V. The resulting map exp* from (|4.22|) is exactly the pullback map of 
Kapranov's exopential map. One should compare (|4.22|) with (|3.8[) which we used to 
prove Theorem 13.21 and notice that the symbols V in these two formulae have different 
meanings! The V in the former means the holomorphic jets of the actual connection, 
which are holomorphic on the formal neighborhood of each point x £ X, while in the 
latter the actual connection is used but it is not holomorphic. In fact, however, (|3.8|) 
only cares about the holomorphic jets of the actual connection V, since it is a (1,0)- 
connection! So the two pullback maps exp* are the same, yet not for the wrong reason 
that they look like the same. 
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